In recent times, applications of Bessel differential equations have been effectively used in the theory of univalent functions. In this paper we study some subclasses of k-starlike functions, k-uniformly convex functions, and quasi-convex functions involving the Bessel function and derive their inclusion relationships. Further, certain integral preserving properties are also established with these classes. We remark here that k-starlike functions and k-uniformly convex functions are related to domains bounded by conical sections. MSC: 30C45; 30C50
Introduction
Let us consider the following second-order linear homogeneous differential equation ( 
where j u is the spherical Bessel function of the first kind of order u, defined by
In [], the author considered the function ϕ u,b,c (z) defined, in terms of the generalized Bessel function ω u,b,c (z). From (.), it is clear that ω() = . Therefore, it follows from (.)
Let us set
where
Hence, (.) becomes
By using the well-known Pochhammer symbol (or the shifted factorial) (λ) μ defined, for λ, μ ∈ C and in terms of the Euler function, by
where it is being understood conventionally that ()  = . Therefore, we obtain the following series representation for the function ϕ u,b,c (z) given by (.): A function f ∈ A is said to be starlike of order η if it satisfies (
) > η (z ∈ U) for some η ( ≤ η < ) and we denote the class of functions which are starlike of order η in U as S * (η).
Also, a function f ∈ A is said to be convex of order η if it satisfies ( +
) > η (z ∈ U) for some η ( ≤ η < ) and we denote by C(η) the class of all convex functions of order η in U. It follows by the Alexander relation that f ∈ C(η) ⇔ zf ∈ S * (η). The classes S * (η) and
C(η) were introduced by Robertson [] (see also Srivastava and Owa [])
. Let f ∈ A and g ∈ S * (η). Then f is said to be close to convex of order γ and type η if and only if ( 
The class k-UCV was introduced by Kanas [] introduced the classes k-uniformly convex functions and k-starlike functions of order η ( ≤ η < ) as below:
In the case when k =  the inequalities (.) and (.) reduce to the well-known classes of starlike and convex functions of order η, respectively. Further, as mentioned earlier, for the special choices of η =  and k =  the class k-UCV(η) reduces to the class of uniformly convex functions introduced by Goodman 
Note that, for  < k < ,
The explicit form of the extremal function that maps U onto the conic domain k,η is given by
is the Legendre elliptic integral of the first kind
and t ∈ (, ) is chosen such that k = cosh
. In view of the definition of subordination and the extremal function Q k,η (z),
Define UCC(k, η, β) as the family of functions f ∈ A such that
Similarly, we define UQC(k, η, β) as the family of functions f ∈ A such that
We note that UCC(, η, β) is the class of close to convex univalent functions of order η and type β and UQC(, η, β) is the class of quasi-convex univalent functions of order η and type β. For f ∈ A given by (.) and g(z) given by g(z) = z + ∞ n= b n+ z n+ , the Hadamard product (or convolution) of f (z) and g(z) is given by
Note that f * g ∈ A. For α j ∈ C (j = , , . . . , q) and β j ∈ C\Z - (j = , , . . . , s), the generalized hypergeometric function q F s (α  , α  , . . . , α q ; β  , β  , . . . , β s ; z) is defined by the following infinite series (see the work of [] and [] for details): 
If f ∈ A is given by (.), then we have 
and its recursive relation
() Choosing b =  and c = - in (.) or (.), we obtain the operator I u : A → A related with the modified Bessel function, defined by
() Choosing b =  and c =  in (.) or (.), we obtain the operator S u : A → A related with the spherical Bessel function, defined by
Finally we recall the generalized Bernardi-Libera-Livingston integral operator, which is defined by
Preliminaries
In proving our main results, we need the following lemmas.
Lemma . [] Let h be convex univalent in U with h()
=  and (νh(z) + μ) >  (ν, μ ∈ C). If p is analytic in U with p() =  then p(z) + zp (z) νp(z) + μ ≺ h(z) (z ∈ U) ⇒ p(z) ≺ h(z) (z ∈ U). (.)
Lemma . [] Let h be convex in the open unit disk U and let E ≥ . Suppose B(z) (z ∈ U) is analytic in U with (B(z)) > . If g(z) is analytic in U and h() = g(). Then
Ez  g (z) + B(z)g(z) ≺ h(z) ⇒ g(z) ≺ h(z). (.)
Main results
We study certain inclusion relationships for some subclasses of k-starlike functions, kuniformly convex functions, and quasi-convex functions involving the Bessel equation. We reiterate that these classes of k-starlike functions and k-uniformly convex functions are related to domains bounded by conical sections.
Theorem . Let c ≥ , and h be convex univalent in U with h() =  and (h(z)) > . If a function f ∈ A satisfies the condition
where p is an analytic function in U with p() = . By using (.), we get
-(κ -). http://www.advancesindifferenceequations.com/content/2014/1/288
Using a similar argument to Theorem ., we can prove the following theorem.
Now we examine the closure properties of the integral operator L γ .
Proof From the definition of L γ (f ) and the linearity of the operator B c κ we have
This completes the proof of Theorem ..
By a similar argument we can prove Theorem . as below.
Proof By definition, there exists a function
Now from (.) we have 
Concluding remarks
As observed earlier when B c κ was defined, all the results discussed can easily be stated for the convolution operators J u f (z), I u f (z), and S u f (z), which are defined by (.), (.), and (.), respectively. However, we leave those results to the interested readers.
